Abstract. The method of matched asymptotic expansions is used to analyze the asymptotic behavior of the real zeros of, and error incurred by, Padé approximants to e'x. These approximants are of interest because of their application in solving systems of ordinary differential equations arising from mathematical models of physical processes, for example, the heat equation.
1.
Introduction. There is considerable interest in properties of Padé approximants to the exponential, not least because of their application in methods for solving those systems of ordinary differential equations which arise in mathematical models of physical processes. In this paper, some asymptotic properties of Padé approximants to e"x are found by using the method of matched asymptotic expansions. First, we analyze the behavior of the real zero of odd-degree denominators along any straight line path through the Padé table; second, a result due to Saff, Varga and Ni [6] concerning the error in the uniform norm on [0, oo) incurred by these approximants is reconsidered. Recently, Grosswald [4] and de Bruin, Saff and Varga [2] have considered the asymptotic behavior as n -» oo, through odd values, of ß"(a), the unique (negative) real zero of 6n(x; a). They confined themselves to the case where the value of a is fixed, so that the equivalent path in the Padé table is a diagonal; in particular, if a = 2, it is the main diagonal, and the polynomials are ordinary Bessel polynomials. Here, we consider more generally the asymptotic behavior of 2ßn(v -n + 2), i.e., the real zero of the denominator of the (v,n) entry, as v and/or n -» oo along any straight line path in the Padé table. We start by representing the denominator as an integral.
3. An Integral Expression for the Denominator. We rely on an extension of an integral representation of 0n(x; 2) due to Eweida [3] . Using the notation of [6] , let the Padé denominator be P,,n(x), and suppose the real zero is y" " := 2ßn(v -n + 2). Pp n(-x) is given by (-U"x"+n + le-x/2 r°°P , «(-*)= , , , J e~x^2(s + lY(s-\)"ds, '■= °o-We shall find the first few terms in the asymptotic expansion of yr n by matching the asymptotic expansions of Ix and I2 obtained by Laplace-type methods. We distinguish three cases:
(i) v = fn + (a -2), f and a fixed, 0 < / < oo, a integral, n -> oo. If / = 1, the direction of travel is diagonal, the case considered in [4] and [2] .
(ii) v fixed, n -» oo (a Padé column; if v = 0, the column contains inverses of partial sums of the Taylor series of ex about x = 0). as n -* oo, /' = 1,2. Since s1 ¥= s2, 1^ matches I2 only if «(s,) = h(s2), and if 4>i(n) has the form ¡il + o(l), so that e-*«/*(Sl + l)°~2 e-^2(s2 + iy-2
Rearranging these equations, we obtain
Theorem 5.1. Suppose f and a are fixed, 0 < / < oo, a integral and v = fn + (a -2), and that y"n = -Xj» + o(n) as n -* oo, where Xj is a constant.
Then yvn = -Xj/i -ux + o(l) ai n -» oo, wneve iXj is a constant and Xx and ux are given by the equations and Al (*2 -h) /log 1 + s2
Corollary.
Under the same conditions,
6. An Extension. In the special case / = 1, considered in [4] and [2] , the equations of In Table I , the entries in the first two columns are taken from [2] ; the last column shows the effect of the inclusion of the extra term. Table II shows the actual values of -ô" and of -ô" = 0.278 465n + 0.108 906 log n + 0.532 128. where Ö"n(*)/P""(.x) is the (p, n) Padé approximant to e~*. Saff, Varga and Ni, [6] , showed that if (v(n)} is a sequence so that lim V-^-=f, 0</< 1, 
